Malaysian Journal of Mathematical Sciences 19(1): 343-359 (2025)
https://doi.org/10.47836/mjms.19.1.18

fuenl mﬁm Malaysian Journal of Mathematical Sciences
@“ ‘J T Journal homepage: https://mjms.upm.edu.my
i

1

Some Results On Generalized Antieigenvalue Pairs and Their Associated
Antieigenvectors of Certain Class of Linear Two-Parameter Eigenvalue
Problems

Bora, N.* @1 and Chutia, B. 1

'Department of Mathematics, Dibrugarh University,
Dibrugarh 786004, Assam, India

E-mail: niranjanbora@dibru.ac.in
*Corresponding author

Received: 19 February 2024
Accepted: 25 November 2024

Abstract

In the field of operator algebra, the concept of antieigenvalue theory was first introduced by
Karl Gustafson with a special emphasis on accretive operators. In a wide range of scientific ap-
plications, antieigenvalue naturally occurs. Due to the inclusion of nonlinear Euler equations in
the antieigenvalue theory, computing antieigenvalues is a difficult task as compared to that of
computing eigenvalues of the operator. In the current paper, we consider linear two-parameter
eigenvalue problems (LTEP) and will discuss the abstract algebraic setting of the problem as
proposed by Atkinson. We analyze the generalized antieigenvalue pair and their corresponding
generalized antieigenvectors for LTEP using the consequences of the Cauchy Schwarz inequal-
ity. Some generalized antieigenvalue bounds will also be derived. Generalized antieigenvalues
and their corresponding generalized antieigenvectors will be calculated solving their relevant
optimization problem. For numerical computations, three examples will be provided. Real sym-
metric matrices are used in the first case, while real diagonal matrices are used in the second case
and finally arbitrary matrices are considered.

Keywords: LTEP; generalized antieigenvalues; generalized antieigenvectors; linearization; ma-
trix polynomial.
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1 Introduction

Let S be an operator defined on the Hilbert Space H equipped with usual inner product (.).
Then S is called an accretive operator if Re (Sz,z) > 0, V z # 0 (Strictly accretive operator if
Re (Sz,z) >0, V z # 0). For such accretive operators, Karl Gustafson [10], brought into light the
concept of antieigenvalue, during his study of certain problems in perturbation theory related to
semi-group generators. The first antieigenvalue of S is represented by 1 (S) and is defined as,

Re (Sz, z)

§) = min —L\5 2
m(S) = B8 TS

(1)
and the corresponding vector z for which infimum of (1) is attained is characterised as antieigen-
vector of S. The quantity u4(S), also denoted as cos(S) for being the cosine of the angle of the
operator S. Geometrically, 11 (S) is the cosine (real cosine) of largest (real) angle through which
an arbitrary nonzero vector z can be rotated by the action of the operator S. It was first devel-
oped by Gustafson [10, 11] and later by Krein [26] in more independent way. Applications of
antieigenvalues are found in diverse scientific domains. Antieigenvalue appears not only in con-
tinuum mechanics, economics, but also in number theory [15]. The book [14] contains an ex-
tensive overview of the applications of antieigenvalue in operator theory, computational method,
wavelet theory, quantum mechanics, as well as in finance and optimization. The works reported in
[34, 23] provide the applications of antieigenvalue in statistics and, similarly in the papers [12, 41 ]
contains the applications of antieigenvalue in economics. In his paper [38], Seddighin presented
antieigenvalue inequalities among trigonometric quantities for multiple operators.

Guoetal. [9] investigated the application of antieigenvalues to spectrum sensing and designed
an antieigenvalue-based detector. For accretive normal operator, Gustafson and Seddighin [16]
derived antieigenvalues bounds and they also developed the theory on total antieigenvectors in
[17]. Moreover, they also analyzed antigenvalues of accretive compact normal operator in [43] that
express the first antieigenvalue and the components of the first antieigenvectors, and developed an
algorithm for computing higher antieigenvalues. An overview of antieigenvalues for Hermitian
positive definite operators have been reported in [27]. Computation aspects of antieigenvalue have
been analyzed in [43], but they are particularly for normal operators. Mirman [27] developed
a method based on Toeplitz-Hausdorff theorem to estimate antieigenvalue of strictly accretive
operator. Paul et al. [32] computed antieigenvalues of bounded linear operators via Centre of
Mass. Seddighin [39] independently developed a method of computation for antieigenvalue of a
strictly accretive operator based on the properties of the numerical range of an operator. He also
approximated several antieigenvalue-type quantities for arbitrary accretive operators in [42].

Estimation of antieigenvalue bound has been found in [11]. It was Gustafon, who introduced
the notion of interaction antieigenvalues in [13], and after that Seddighin [40] introduced joint
antieigenvalues of pairs of operators that belong to the same closed normal subalgebra. Paul in-
troduced antieigenvalue and antieigenvectors of the generalized eigenvalue problem in his paper
[31]. Khattree [22] extended the concept of smallest antieigenvalue of a real symmetric positive
definite matrix to the generalized antieigenvalue of order r, and provided a closed form expression
for the generalized antieigenvalue and generalized antieigenmatrix. Hossein et al. [20] developed
the theory of symmetric anti-eigenvalue and symmetric anti-eigenvector of a bounded linear op-
erator along with their applications in Statistics. Recent work on LP-antieigenvalue conditions has
been reported in [30] for complex-valued Ornstein-Uhlenbeck operators.

Organization of the paper: Section 2 contains few notation and basic results to be used in this

article. Section 3 contains an abstract setting of LTEP. In Section 4, a general theory of general-
ized antieigenvalue pairs and their corresponding generalized antieigenvectors are presented. In
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Section 5, computational aspects of generalized antieigenvalue pair are discussed with the help of
numerical example. Lastly, in Section 6, a conclusion is presented on the overall works.

2 Notations and Basic Results

The following basic results and notation will be used throughout the paper. The notations R
and C denotes respectively, the set of real numbers and complex numbers. A~! and A represents
respectively, the inverse and transpose of the matrix A. The Euclidean norm of A is represented
by || A|| and the standard Kronecker product is denoted by ®.

Definition 2.1. [6] Let A € C™*™ and B € CP*? are any two matrices. Then the Kronecker Product
(. ®.) of the matrices A and B is defined as A ® B = [a;; B] € C™P*"9, where a;; is the i*" row and j*"
column element of A.

Definition 2.2. [22] The celebrated Cauchy-Schwarz inequality states that for any two vectors p and g,
the following inequality is true,

(") <p'paa
The equality holds if and only if the vectors p and q are proportional to each other.

Definition 2.3. [2] Let H be a Hermitian matrix. Then the matrix H is said to be accretive (or strictly
accretive) according as H is positive semi-definite (or positive definite).

Lemma 2.1. (Lemma 1, [21]) Consider 0 < a1 < ... < aq and let a;; and b;; be the arithmetic and

geometric means of a; and a;. Then dua 5 f23
bia — bas
Lemma 2.2. [8] Let A be any matrix of order n x n, then ag(xTAx) = (A + AT)z. If A is symmetric,
x
TA
then v Az _ 2Azx.
ox

3 General Theory of LTEP

Consider the LTEP given below,

Li(\, )y - = (Ty — AB1y — pBy2)xy =0,

2
L2(>\, ‘LL).TQ L= (T2 - /\B21 - [LBQQ)ZL’Q = O, ( )

where A\, € C; z; € C%; and T;, B;; € C™*"; 4,5 = 1,2. If for some A, i1, there exists 0 #
x;;1 = 1,2 such that they satisfy the system (2), then the pair (A, ¢1) is termed as eigenvalue and
its associated tensor product z; ® 2 is termed as the eigenvector (right). Similarly, for i = 1,2,
a tensor product v = v; ® vy is called a left eigenvector if v; # 0 and v}L;(\, ) = 0. It is worth-
mentioning that eigenvalue problems have received a lot of attention by the researchers in the
recent times [29, 28]. The LTEP arises most often in many practical applications, such as in mod-
eling of stochastic games [5], in dynamic model updating problem [4] and in other applications
reported in [46].

The literature on abstract algebraic setting of multiparameter problem (LTEP is a special case)

is available in the works of Atkinson [1], where he established the relationship between multipa-
rameter problem with a system of joint generalized eigenvalue problems (GEP) in tensor product
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space. Volkmer [44] developed the spectral theory of multiparanmeter system based on the works
of [1]. Hochstenbach and Plestenjak [19] analyzed the backward error, condition numbers, and
pseudo-spectrum of multiparameter system and given the basis for the second root subspace of
simple eigenvalue of the problem. Kosir [24] presented a completeness theorem for nonderoga-
tory eigenvalues of multiparameter systems in finite-dimensional case. Kosir and Plestenjak [25],
provided a comprehensive overview on singular LTEP.

For computation of eigenvalue of LTEP, Cock and Moor [5] developed a unifying frame-
work, where they exploit the properties of block shift-invariant subspaces and also used multi-
dimensional realization algorithms. Ringh and Jarlebring [35] used a nonlinearization technique
toaddress a LTEP. Ruymbeek et al. [37] presented a subspace method for multiparameter system
based on tensor-train representations. Rodriguez et al. [36] developed a Fiber product homotopy
method for multiparameter system and also analyzed the sensitivity of the problem. The Multi-
ParEig [33] package available in MATLAB is widely used toolbox for solving LTEP. Numerical
method presented in [7] using alternating method is more recent in literature. Two algorithms
developed by Vermeersch and Moor in [45], based on block Macaulay matrix to solve rectangular
multiparsameter system can also be used to solve LTEP when the coefficient matrices are rectan-
gular.

The intensive study presented by Hochstenbach et al. [18] can be used a ready reckoner to ad-
dress rectangular case, where they solved numerically the rectangular multiparameter system by a
transformating into a usual Multiparameter problem. They applied these techniques to calculate
the optimal least squares autoregressive moving average (ARMA) model and the optimal least
squares realization of autonomous linear time-invariant (LTI) dynamical system. The de-facto
method for the spectral analysis of LTEP is by transforming the problem into a certain commut-
ing tuple of operators matrices defined in (3) and (4),

Ag = Bi1 ® Bys — B1a ® Bo, (3)
Ay =T1 @ Byg — Bia ® T, (4)
Ag:=B11 ®Ty —T1 ® Bog.

The problem is called nonsingular, when A defined in (3) is nonsingular, otherwise the problem
is called singular. For spectral analysis the LTEP the nonsingular case is usually considered by the
authors. It is well known that, a nonsingular LTEP defined in (2) can be transformed into a pair
of joint GEP [1] of the form given below,

Alfﬁ = )\AOI’7

5
Aszx = pAgx. (5)

Denote,
i =Ay ALi=1,2. (6)

For nonsingular L TEP the matrices I'; commute and eigenvalues of (2) and (5) coincides. A LTEP
is referred as Hermitian, if all the matrices present in the system of (2) are Hermitian. Such a
Hermitian LTEP is termed as Right definite if,

1Bz 2] Biaxy B
* * — a? 7

1‘2321.’1?2 ZL‘QBQQ.TJQ ( )
for some scalar &« > 0 and ||z;|| = 1V a; € H;, i = 1,2. On the other hand, it is proved in [1]
that Right definiteness condition implies that the determinantal operator A is positive definite.
Set N = nji.ng. If LTEP is Right definite, then there exist N number of linearly independent
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eigenvectors and all the eigenvalues A, € R. Furthermore, if all the matrices present in the
system of (2) of the Right definite problem are real, then real eigenvectors can be selected. Again,
the associated left and right eigenvectors are same for real geometrically simple eigenvalue of a
Hermitian LTEP. For decomposable tensor z = 1 ® w2, it follows that,

Aoz = (B1171 ® Boswa) — (Biaw1 ® Bajxa), (8)
Az = (Thizy ® Boawz) — (Biawy @ Taxa), 9)
Apx = (Briz1 @ Tows) — (Thwy ® Bajxa). (10)

4 Generalized Antieigenvalue and Antieigenvectors of LTEP

Unless sated, otherwise the LTEP is considered as Right definite and the operator matrices A;
are positive definite, V i = 1, 2. Then the operator matrices A; are also nonsingular for Vi = 0, 1, 2.
The parameters v(I';), i = 1,2 is defined in [2] for the joint GEPs of the form (5) by extending the
idea of [31] as follows,

. [ Re{A;z, Agx) }
v(I';) =min —————— 2 € H, Ajx#0, Agz#0,. (11)
) =i { ’

The problem is to find the pair (v(I'1), v(I'2)) for the system (5) and is called generalized antieigen-
value pair. Generalised antieigenvectors corresponding to the pair (v(I'1), v(I'2)) are vectors x for
which the minimum of (11) are obtained. The standard results of generalized antieigenvalue pair
of LTEP are reported in [2] and computation for right definite case are reported in [3]. For inner
products (A;z, Agz) involved in (11), the following representation are also possible,

<Aixa A0$> = <A1Aalyay> ; 1= 17 27
where Agx = y. Denote,
Gi=NAyY,  i=1,2 (12)

Then, the parameter v(T';) defined in (11) reduces to,

v(I'j) =ming —————:y€ H, Giy#0, y#0;,, 13
T { Gl ol #0 v (13)

) = e\ y) | 14
V(L) ;é%#{ Gl ol (14)

As per our assumptions of (2) the matrices present in the system of (2) are of dimension N, and
therefore the order of A; becomes N x N. The increase in the size of the structure of A; makes
it computationally challenging to analyze and calculate the pairs (v(I'y), v(I'2)) if the matrices are
of higher dimension. Again, Gustafson proved that for any accretive operator X, the following
equality holds,

sin K =+1—cos?K = igg e — I . (15)
Lemma 4.1. Let Agx be as given in (8) and x = z1 ® x9, then,

Aoz < |Buall 2]l + | Bozll |22 + | Bazll 21l + || Baal |22 -
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Proof. Taking norm on both sides of (8) we have,

|Aoz|| = ||(Bi1z1 @ Baaxa) — (Bi221 ® Ba1)xa|
< ||IBi1x1 ® Basxal|| + || Bi2w1 ® Baixa||
< ||Brixi|| + || Baaw2|| + || Brzz1]| + || B2ia2||
< [1Bullllzall + 1 Bazll [|z2ll + [ Buzll |21 ]| + | B2 || 22|,

which proves the lemma. O

Theorem 4.1. Let G;; i = 1,2 be as defined in (12). Then,

sin(G1) < [|Ag| [Sin(Tl) (| Baz|| + sin(T2) || B2l + sin(Biy) || Bao|| + sin(Bi2) HBan]a

sin(Ga) < [|Ag| {Sin(Bu) T3] + sin(T1) | B2y || + sin(Biy) || Baz|| + sin(Biz2) || Bai || ]

Proof. 1t is well known that,

inf(a,.b,) < sup(ay,).inf(b,). (16)
We have,
leGy — I
~leding 1]

= |leAr1Agt — AAG|

= |[(eA1 — Ag) A

< [|Ag][ lear — Aol

= ||Ag || €Ty ® Ba2 — €T ® Biz — Bi1 ® Bz + Bi2 ® Bai |

= || A || 1I(eTy — I) ® Bao — (T2 — I) @ Bia + I ® By — B11 ® Bay — I ® Bia + B12 @ Bay||
= |G | 1I(eTy = I) ® Bao — (T2 — I) @ Bia + (I — B11) ® Baz — (I — Bi2) ® Bai|

< [|agH [ [I(T = 1) © Bl + 1(eT5 = 1) @ Bual| + (1 = Bix) @ B | + (T — Buz) ® Bl

— 1183l 1T = DIl 1Bl + (€T — D [Brall + 1 = Bua)l[1Baall + 12 ~ Buo)l 1Bzt ]
Taking infrimum on both sides when e > 0 we have,
= inf [leG — 11| <sup A5 | [ € 1eTs = DI Baall + (€2 = D Bl + 17 = Bun) 1|

(T = Bia)l[ 1Bl
— sup | A5 | [t (1(eTs = DIl 1Bz ) + it (I(€Te — DIl | Baal)
>0 >0 >0
+ 0 (I = Bu)l| |Bal) + nf (17 — Bua)| Bl
<sup ||A51 I [sin(Tl) sup || Baz|| + sin(T%) sup || Biz|| + sin(B11) sup || B2z||
>0 e>0 e>0 >0
+ sin(B12) sup || Ba || }»
>0

> SiIl(Gl) S HAO_lH |:SiIl(T1) HBQ2” -+ Sin(Tg) HB12|| -+ sin(Bll) ||B22H + SiH(Blz) ||B21|| :| .
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Also,

G2 — I
= |leAsAgt — I
= [leA2Agt — Ay A ||
= ||Ag (€A — Ao)|
< [|ag || ez — Aol
= ||Ag M| lleB11 ® T — €Ty ® Bay — Byy @ Baz + Bia @ Bai|
= ||A51|| [|B11 ® (€Tp —I) — (€11 — I) @ Ba1 + B11 ® I — I @ Ba; — By ® Bag + Bz ® Boy|
= ||Ag M| [1B11 ® (eT> — I) — (€Tt — I) ® Bay — B11 ® (Boa — I) + (B1z — I) ® Bai|

< AT 1B @ (T> = Dl + (T = D) @ Barl| + 1B ® (Bas — D[ + [(Baz = D) @ B
= A5 [UB I ETs = 1)+ Ts = DI Bt + 1Bl 1(Bas = DIl + 1 (Brz = D 1B 1.
Taking infrimum on both sides when ¢ > 0 we have,
inf [|eG — I <sup | A5 | nf [I1Bull T3 = DIl + (T = 1) [ Bar| + Bl (B2 = D)
e>0 €>0 >0
+ 1Bz = DIl 1Baall]
= sup | A5 [mf(1Bu [T — D)) + int (I (T3 ~ D) [ Bar )
+f [ Bul| (|(B2z — DI + [[(Biz — 1) H321||)},

— Sin(Gg) S ||A61H [”BHH Sin(Tg) + Sin(Tl) ||BQ1H + ||Bl1|| Sin(BQQ) + Sin(Blg) HBmH .

]
Theorem 4.2. Let v(T';); i = 1,2 be as given in (14), then,
1
v([;) < sup Re(G;y,y).inf .
llyll=1 Gl
Proof. Recall (16) and using it in the expansion of v(T';), we have,
Re <G1yay> .
v(l';) = inf ————= < sup Re(Gy,y). inf ————
T = i TGl Tl < o, e G I ey
1
< sup Re(Giy,y). inf —— 17
llyll=1 lyli=1 |G|l (17)
1
T .
= sup y  Gyy.inf .
lyll=1 G|
O

5 Calculation of v(I';)

Here we adopt a direct procedure to compute the generalized antieigenvalue pair as well as its
corresponding generalized antieigenvectors defined in (11). For i = 1,2, the matrices G; are real,
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symmetric, and positive definite. So, immediate consequences of the Cauchy Schwarz inequality
for G, are given by,

(" Giy)?* <y'Giyy"y.
The equality holds if and only if G,y is proportional to y. Thus, for 0 # y we have,
Ta.
Y ij <1
VYT GlyyTy
In other words, this can be restated as the optimization problems,

y" Giy
max —————,
vA0 YT GiyyTy

have their optimal value 1 and the solutions to the above optimization problems are given by the
set of all eigenvectors of the matrices G;. Moreover, the corresponding minimization problems,

: y" Giy
0 it Pty
vA0 Yyt Giyyty
y' Gy
yield a lower bound on ————=——. Inspired by this work, the pairs of generalized antiegen-
y'GiyyTy

values and their corresponding generalized antieigenvectors of G; can be obtained as the general
solutions of their associated optimization problems,

TG'
v 0 Yyt Giyyty

Let us consider, the optimization problems with the following functions,

hy) = LG8 (18)

VTGl Ty

The problems are to evaluate the stationary values of (18). Taking logarithm on both sides of (18)
yields the equation below,

toglh(y)] = log(y" Giy) — 5 log(y" Gy) — - los(y"y). (19)

Taking matrix derivative on both sides of (19) with respect to y we get,

1 Oh(y) _ 1 0@'Giy) 10(y"Gly) 1 1 9(y"y)
h(y) Oy yT'Giy 0Oy 2 Oy 29Ty Oy
Ty T (12 T
_ Ohly) _ hy) 1 Oy Gw) 1 1 9y Gy 119y y]|
Ay yI'Giy 0Oy 29TG?y Oy 2yTy Oy

Since each G;,i = 1,2 is symmetric and therefore by Lemma 2.2 we have,

oh(y)
oy W [y(;y

1 1
2Gy — 2Gy — 2y .
YT ayTery T T Ty y}
After equating to zero, resulting equation of matrix derivative of h(y) for i = 1 w.r.t. y becomes,

1 1 1
Gy — — Gy — — =0. 20
TGy TGy Y T Ty (20)
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Pre-multiplying both sides of (20) by y” Gy we have,

yTGry 2, y Gy
yTG2y yTy

Then, an orthogonal matrix P and a diagonal matrix D exist such that G; = PDPT, where D =
dia(A1, A2, ..., A\p). Define z = PTy, then (18) reduces to,

2Dz
h(z) = ———2 2
) V2 D22.2 2 (22)

and (21) can be expressed as,

’ylG%Pz + v Pz = 2G1 Pz,

'ylzTPTG%Pz = 2T PTG, Pz, (23)
or
_ 2
@
There are p individual ways to write the matrix (24) as follows:
2Nizi = (MA? 4+ v2)z;  ii=1:p. (25)

The following two cases can be considered when solving (24) and (25),

Case 1: The vector z = ¢;, where ¢; is the i*" column of identity matrix of order p, is a solution
of the equations (24) because,

2De; = 1 D%e; + y2¢4,
1 2 (26)

T "M2
e; De; = v1e;D%e;,

with y; = A; and v, = \;. As a result, the stationary value h(e;) = 1, which corre-
sponds to the maximum value of h(y). In this situation, the eigenvectors are undoubt-
edly the choice of vectors that maximise h(y).

Case 2: The vectors of the form z = d;e; + djej;d; # 0,d; # 0 are potential candidates. After
replacing z in (24) with this selection, we get,
20 = 1A + 72,

(27)
2)\]‘ = ’)/1)\? + 72,

with choice \; # A;. This results in v, = 2(\; + A;) 7' and 72 = 20,0 (AN + ;) 7L

T 12
2zt D%z
However, it is observed that 2 _ and thus a solution of the form z = d;e; + d;e; will

T
B! z°z
exist only if A\? < 2 A3; j > i. Furthermore, in this instance, the equation specified in (24)
gt

()2
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The corresponding stationary values are equal to,

2/ i
VT2 = —l—)\?' (29)
i J

Thus, using (28), we have \/E etV ej, Ai # Aj as the solutions to (24). Obviously, any solution
to (25) will fall into two categories, either in Case 1 or in Case 2. Thus, all potential options of the
generalized antieigenvectors and the corresponding generalized antieigenvalues can be listed as
those given by Case 2, written as a set,

R={/Nei+Vhies, Ni# N, ij=1:ip}.

2/ M

AL+ Ap
first generalized antieigenvalue with corresponding vectors z; and z3 as (v/A1,0,...,0, % /Ap)T
and corresponding generalized antieigenvectors as y; = Pz; and y, = Pz,. It is to be noted that
these vectors are not mutually orthogonal, unless A; = A,.

This list might be quite lengthy. But it follows from the previous Lemma 2.1 that is the

By inserting the corresponding nonzero entries in the appropriate locations, pairs that are sim-
ilar to z; and 2, can be obtained if either A\; and )\, has repeating roots. Proceeding in this way,
and using the Lemma 2.1 and the fact that for every z, there will be precisely two nonzero compo-
nents and assuming that A; and ), are not occur repeatedly as a roots of (18), the next generalized
antieigenvector which is orthogonal to z; and z, becomes,

(0, V2,0, ,o,i\/ﬁ,o)T,

AL FE A2, Apo1 F Ay Ao F A1

27”>\2)\p_1, 1]. If it is 1, then all sub-
Ao + )\p_1

sequent antieigenvalues will be 1, since this is the maximum of (18) can attain, otherwise, the
process keeps on the same manner. Evidently, repeated eigenvalues could result in generalized
antieigenvectors that are non-orthogonal and relate to the same generalized antieigenvalue.

Thus, the next generalized antieigenvalue will be min

In a similar manner, considering ¢ = 2 in (18), the generalized antieigenvalue v(I';) can be
calculated.

Example 5.1. Consider the LTEP represented by (30) and (31) with real symmetric matrices:

wo=[(31) (3 3) (2 D)0 e
Lo(\, p)z := [((1) (1)) A((l) (1)) u<_61 _71>]x20. (31)

Then, the associated operator matrices are,

47 -8 7 -2 5 -1 -5 0 70 2 0
—8 55 —2 9 -1 6 0 -5 07 0 2
Ao = 7 -2 52 —-9]° A= -5 0 4 -1] R2= 1, 0 8 0"
-2 9 -9 61 0 -5 -1 5 02 0 8
0.1225 —0.0025 —0.1149 —0.0126 0.1499 0.0218 0.0199 0.0046
G- | 700025 01250 —0.0126 -0.1023| . _ 00218 01281 0.0046 0.0153
L= —0.1226  —0.0137  0.0921 —0.0048 | 72~ | 0.0213 0.0050 0.1551 0.0228

—0.0137 —0.1089 —0.0048 0.0969 0.0050 0.0163 0.0228 0.1323
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Table 1: Eigenvalue and eigenvectors of real symmetric matrices of Example 5.1.

A 1 (A, ) Eigenvectors
—0.0228 +0.1900 (+0.2288,+0.1900) (—0.5731 —0.3542 —0.6286 70.3885)T
+0.0148 +0.1035 (+0.0148,+0.1293) (—0.3515 +0.5687 —0.3909 +O.6326)T
+0.2329  +0.1203 (+0.2329, +0.1425) (—0.6471 —0.3999 +0.5522 +0.3413)T
+0.2116 +0.1425 (+0.2116,+0.1035) (+0.4013 —0.6493 —0.3397 +0.5496)T

Eigenvalues and eigenpairs of real symmetric matrices are presented in Table 1. The first generalized
antieigenvalue pair is (0.10474,0.9556) with corresponding antieigenvectors are,

(mel + i\/me4) : (\/0.1900@1 + \/0.103564) .

The second generalized antieigenvalue pair is (0.4944, 0.9989) with corresponding antieigenvectors are,

(m@ + i\/m63> : (\/0.142562 + \/0.1293€3> .

Example 5.2. Consider the following LTEP defined in (32) and (33) with real diagonal matrices.

o= ((38) (3 1) (3 4)Je e

3
s (1) (1) (1] e

39 0 0 0 46 0 0 0 -15 0 0 0
0 50 0 O 0 55 0 0 0 -24 0 0
Bo = 0 0 37 0} Ay = 0 0 46 0 |’ Ap = 0 0 -16 0 |’
0 0 0 47 0 0 0 56 0 0 0 —26
1.1795 0 0 0 —0.3846 0 0 0
o= 0 1.1000 0 0 Q= 0 —0.4800 0 0
L= 0 0 1.2432 0 » Y2 0 0 —0.4324 0
0 0 0 1.1915 0 0 0 —0.5532

Table 2: Eigenvalue and eigenvectors of real diagonal matrices of Example 5.2.

A L (A 1) Eigenvectors
+1.1000 —0.5532 (+1.1795,-0.3846) (1 0 0 0)
+1.1795 —0.4800 (+1.1000,—0.4800) (0 1 0 0)"
+1.1915 —0.4324 (+1.2432,-04324) (0 0 1 0)"
+1.2432 —0.3846 (+1.1915,-0.5532) (0 0 0 1)"

Eigenvalues of LTEP with diagonal matrices are presented in Table 2. The first generalized antieigen-
value pair is (0.9981, —2.0653) with corresponding antieigenvectors are,

{\/1.2432e1 ++/1.1000e4; iV 0.3846¢; + i\/0.553264} )
The second generalized antieigenvalue pair is (1, —0.0692) with corresponding antieigenvectors are,

{\/1.1915(32 +V/1.1795¢q; 1/0.4800es + i\/0‘4324e4} .
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Example 5.3. Consider the following two-parameter problem defined in (34) and (35) with real positive

definite matrices:

[Ll()\, u)xl =

U_Q()\, /L)LUQ =

Ao

Ay

Ay

—1.0089
0.1499
—0.0809
—0.7480
—0.1436
0.0298
—0.7567
—0.0757
0.0760

G

354

10 5 2
5 3 2 —
2 2 3
-1 2 3
2 5 =3
3 =3 2
—156 —32
-32 24
—54 158
—48 —12
=1 —12 2
—-15 33
—45 -10
—10 5
—-15 40
140 0
0 -80
-30 50
64 12
=112 -10
3 7
29 -2
-2 =21
-9 13
-92 -16
—16 20
—24 74
—44 —12
=1-12 0
—18 43
—18 —4
—4 2
—6 16
0.4512  —0.2460
—0.4663 —0.3936
—0.0274  0.3814
0.2079 0.0707
0.0899 0.0126
—0.1799 —0.0146
0.1748 0.0815
0.0392 0.0142
—0.0153 —0.0145

—0.0163
—0.2110
0.3502
0.2699
—0.0098
—0.1110
—0.4410
—0.7123

2 -1 0 20 4 5
A -1 5 1) —u 4 2 3
0 -1 7 5 35
9 2 3 12 4 3
A2 -1 8| —pul 4 2 -1
3 -8 0 3 -1 7
—54 —48 —12 —15 —45 —10 —-15
-162 —-12 2 —31 —10 5 —40
14 —15 33 —7 —15 40 0
~15 42 16 9 -39 —-10 —12
-31 16 12 -21 -10 1 —23
-7 9 11 35 -—12 25 -7
-15 -39 —-10 —-12 39 18 6
—40 -10 1 —23 18 19 —47
0 —-12 25 -7 6 33 49
-30 64 12 3 29 -2 -9
5 12 —10 7 -2 —21 13
30 3 7 21 -9 13 4
3 38 3 21 2 -3
7 8 -4 3 2 -11 7|,
27 3 3 17 -3 7 8
-9 27 2 -3 41 2 —6
13 2 —11 7 2 -19 12
4 -3 7 8 -6 12 11
—24 —44 -12 -18 —18 —4 -6
—86 —12 0 -37 —4 2 —16
4 —-18 43 -2 —6 16 0
-18 -32 4 6 -17 -6 -9
-37 4 28 -39 -6 -3 —13]|,
-2 6 9 10 -9 19 -2
-6 —-17 -6 -9 —34 8 12
-16 -6 -3 —13 8 38 —45
0 -9 19 -2 12 3 14
0.3399  0.1308 —0.0240 —0.0266
0.0388  0.5693  0.0106  0.1378
0.7115  —1.3370 0.0326  0.0456
0.8193  —0.6685 —0.3717  0.3291
0.3574  —0.5502 —0.3183  0.0455
—0.1344  0.1455  0.3788 —0.0254
0.6452 0.4120 —0.1112 1.2440
0.0618  0.2002 —0.0797  0.4565
0.1718  —0.6236  0.0493  —0.2769

0.3685

(34)

Ty = 07 (35)

0.0047
—0.0105
—0.0838
—0.0681
—0.0588 |,
0.0117
—0.4513
—0.3877
0.3790
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0.6085 0.0813 0.0961 0.7037 —2.2361 —-0.9162  —0.5255 1.3093 0.4423
—0.2581  1.2213 0.3251 4.5357 —10.8647 —4.1632 —2.6485 6.1067 2.1896
1.9622  —4.3897 —1.1163 —28.9517 68.3516 23.3954 15.4873  —37.3789 —12.3970
1.5924  —2.5304 —0.9610 —17.0857  39.4291 13.7966 8.7621  —21.6388 —7.2960
Go =] 1.0149 —2.1849 —0.7883 —14.6185  35.5247 11.3870 7.7640  —18.8263 —6.0252
—0.3488  0.7440 0.4486 4.9951 —11.5766 —3.6175 —2.6395 6.3864 2.1813
—0.2273  1.8691 0.4890 12.6307  —31.4740 —10.6568 —8.3637  17.7151 6.5146
—0.6414  1.6867 0.5035 12.9688  —31.3651 —10.2941 —7.7666  18.7697 6.1998
0.9540 —2.4356 —0.7718 —16.4004  39.1445 13.2599 9.3083  —21.6918 —7.1049

Table 3: Eigenvalue pair of Example 5.3.

A 0 (A )
+1.5698 +20.1443 (+1.5698, +20.1443)
—1.0487 —3.5247 (—1.0487, —3.5247)
—0.5476 —1.3883 (—0.5476, —1.3883)
—0.5476 +1.3189 (—0.5476, +1.3189)
+0.2605 +0.3530 + 0.1238i  (++0.2605, 0.3530 -+ 0.1238i)
+0.1893 +0.3530 — 0.1238i  (+0.1893,0.3530 — 0.1238i)
—0.1609 + 0.1653i +0.2545 (—0.1609 + 0.16534, +0.2545)
—0.1609 — 0.1653i +0.5827 (—0.1609 — 0.16534, +0.5827)
~0.1705 +0.7430 (—0.1705, +0.7430)

Eigenvalue pairs of the LTEP in Example 5.3 are shown in Table 3.

o The first generalised antieigenvalue pair is (+4.92444, +1.0140¢) with corresponding antieigenvec-
tors (v/1.5698 €1 & i v/1.0487 eg;v/20.1443 e1 £ i /3.5247 eg).

o The second generalised antieigenvalue pair is (—78.9353i, —38.99584) with corresponding antieigen-
vectors (v/0.5339 ex & i v/0.5476 es; V1.3189 e + i /1.3883 es).

o The third generalised antieigenvalue pair is (+4.6833¢,40.8719) with corresponding antieigenvec-
tors (v/0.2605 e + i v/0.1705 e7;v/0.7430 e5 + 1/0.2545 e7).

o The fourth generalised antieigenvalue pair is (2.4266 — 0.5664 ¢, 0.9886 +14 0.0367) with correspond-
ing antieigenvectors (\/—0.1609 +40.1653 e4 4 1/0.1893 eg; v/0.5827 eq 4 1/0.3530 + ¢ 0.1238 eG).

o The fifth generalised antieigenvalue pair is (2.4266 414 0.5664, 0.9886 —i 0.0367) with corresponding
antieigenvectors (v/—0.1609 — 7 0.1653 e4 + 1/0.1893 e5;1/0.5827 e4 & 1/0.3530 — 7 0.1238 e).

All calculations are performed in the environment MATLAB R2019a with Windows 11 operat-
ing system, AMD Ryzen 5 5500U 2.10 GHz processor and using the package MultiParEig available
in [33]. Randomly generated matrices of order n can be considered by using the MATLAB com-
mand randn(n). However, the dimension of the associated joint GEP of the LTEP of coefficient
matrices of order n increases to n?. Therefore, the computation of generalised antieigenvalue pair
will be complex tasks for large order matrices. The generalized antieigenvalue pairs can also be
computed by solving the optimization problems generated from (11) directly. To solve the opti-
mization problem, the quantity 27 AT Agz appears explicitly for i := 1,2. These can further be
spitted to get new expressions involving Kronecker product of coefficient matrices of LTEP are
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are given by,

AT Ay =(T) ® Bag — Bia @ To)" (B11 ® Bag — B2 ® Bay)
=(T{ ® B}, — B, ® T3 )(B11 ® Ba) — (I{ ® B3, — Bl, ® T) )(B12 @ Ba1)
=(T! ® BL)(B11 ® Bay) — (Bl, @ T])(B11 ® Bas) — (T} ® BL,)(B12 ® Ba)
+ (BL, @ TT)(B12 ® By)
=(T!' By ® BL,Bay) — (Bl,B11 @ T Boy) — (T Bya ® Bi,Bo1) + (Bl,Bio ® T;,Tle()7 |
36

which implies,

:L‘TA{A()Q? :(.Z‘{TlTBH.’El)(a?ngngzmg) — (x{BﬂBnJ]l)(.’Engngxg)

(37)
— (I?TfBlgxl)(nggQBglxg) + (I{BgBlgl’l)(l‘gTQTBglxg)

Similar expressions for 27 AT Agz, 2T AT A2 and 27 Al Agz can also be derived. Using these
values, we may arrive to the following remark.

Remark 5.1. The generalized antieigenvalue pairs and the corresponding generalized antieigenvectors of
LTEP are the solution of the optimization problems with the following functions,

T AT Az _
\/xTAZTAia:.xTAOTAOx,

i=1,2. (38)

6 Conclusion

We discussed the abstract algebraic setting of LTEP and their generalized antieigenvalue the-
ory. We computed generalized antieigenvalue pair of Right definite LTEP by solving the relevant
optimization problems. To find generalised antieigenvalue pair from (11) is computationally chal-
lenging, if the operator determinant A singular and the coefficient matrices are of larger dimen-
sion. Therefore, a different approach is required to study the generalized antieigenvalue theory
for singular LTEP, and it can be considered as future avenue of further research in this area. It is
also anticipated that further research is necessary for deeper understanding on the connections be-
tween generalized antieigenvalue pairs and other concepts in the spectral theory of LTEP such as
eigenvalues and singular values. Moreover, exploring new applications of generalized antieigen-
value pairs of LTEP can contribute to the advancements of diverse scientific domains.

Acknowledgment The authors are thankful to the anonymous reviewers for their suggestions
and comments. Authors also thanked Dibrugarh University, Assam, India for providing all the
facilities during the research works.

Conflicts of Interest All authors declare that there is no conflict of interest in the whole work.

References

[1] F. V. Atkinson & A. B. Mingarelli (1972). Multiparameter eigenvalue problems volume 1. Aca-
demic Press, New York.

356



N. Bora and B. Chutia Malaysian ]. Math. Sci. 19(1): 343-359(2025) 343 - 359

[2] N. Bora (2020). On generalized antieigenvalue pair and antieigenvectors of linear two-
parameter matrix eigenvalue problems. International Journal of Applied Mathematics and Statis-
tics, 59(3), 93-101.

[3] N. Bora (2021). Computation of generalized antieigenvalue pair of right definite two-
parameter eigenvalue problems. Journal of Scientific Research, 65(5), 208-211. https://doi.
org/10.37398/JSR.2021.650524.

[4] N.Cottin (2001). Dynamic model updating —a multiparameter eigenvalue problem. Mechan-
ical systems and signal processing, 15(4), 649-665. https://doi.org/10.1006/mssp.2000.1362.

[5] K.De Cock & B. De Moor (2021). Multiparameter eigenvalue problems and shift-invariance.
IFAC-PapersOnLine, 54(9), 159-165. https://doi.org/10.1016/j.ifacol.2021.06.071.

[6] H. Z. F. Ding (2013). On the Kronecker products and their applications. Journal of Applied
Mathematics, pp. Article ID: 296185. https://doi.org/10.1155/2013/296185.

[7] H.Eisenmann & Y. Nakatsukasa (2022). Solving two-parameter eigenvalue problems using
an alternating method. Linear Algebra and its Applications, 643, 137-160. https://doi.org/10.
1016/j.1aa.2022.02.024.

[8] G.H. Golub & C. F. V. Loan (1983). Matrix Computations. Johns Hopkins University Press,
Baltimore.

[9] C.Guo, M.Jin, Q. Guo & Y. Li (2018). Antieigenvalue-based spectrum sensing for cognitive
radio. IEEE Wireless Communications Letters, 8(2), 544-547. https://doi.org/10.1109/LWC.
2018.2879339.

[10] K. Gustafson (1968).  The angle of an operator and positive operator products.
Bulletin of American Mathematical Society, 74(3), 448-492. https://doi.org/10.1090/
S0002-9904-1968-11974-3.

[11] K. Gustafson (1968). Positive (noncommuting) operator products and semigroups. Mathe-
matische Zeitschrift, 105(2), 160-172. https://doi.org/10.1007/BF01110442.

[12] K. Gustafson (2002). Operator trigonometry of statistics and econometrics. Linear Algebra
and Its Applications, 354(1-3), 141-158. https://doi.org/10.1016/50024-3795(01)00315-9.

[13] K. Gustafson (2004). Interaction antieigenvalues. Journal of Mathematical Analysis and Appli-
cations, 299(1), 174-185. https://doi.org/10.1016/j.jmaa.2004.06.012.

[14] K. Gustafson (2012). Antieigenvalue Analysis. With Applications to Numerical Analysis, Wavelets,
Statistics, Quantum Mechanics, Finance and Optimization. World Scientific Publishing Co. Pte.
Ltd, Singapore.

[15] K. Gustafson (2016). Antieigenvalue analysis for continuum mechanics, economics, and
number theory. Special Matrices, 4(1), 1-8. https://doi.org/10.1515/spma-2016-0001.

[16] K.Gustafson & M. Seddighin (1989). Antieigenvalue bounds. Journal of Mathematical Analysis
and Applications, 143(2), 327-340. https://doi.org/10.1016,/0022-247X(89)90044-9.

[17] K. Gustafson & M. Seddighin (1993). A note on total antieigenvectors. Journal of Mathematical
Analysis and Applications, 178(2), 603-611. https://doi.org/10.1006 /jmaa.1993.1329.

[18] M. E. Hochstenbach, T. Kosir & B. Plestenjak (2024). Numerical methods for rectangular
multiparameter eigenvalue problems, with applications to finding optimal ARMA and LTI
models. Numerical Linear Algebra with Applications, 31(2), Article ID: e2540. https://doi.org/
10.1002 /nla.2540.

357


https://doi.org/10.37398/JSR.2021.650524
https://doi.org/10.37398/JSR.2021.650524
https://doi.org/10.1006/mssp.2000.1362
https://doi.org/10.1016/j.ifacol.2021.06.071
https://doi.org/10.1155/2013/296185
https://doi.org/10.1016/j.laa.2022.02.024
https://doi.org/10.1016/j.laa.2022.02.024
https://doi.org/10.1109/LWC.2018.2879339
https://doi.org/10.1109/LWC.2018.2879339
https://doi.org/10.1090/S0002-9904-1968-11974-3
https://doi.org/10.1090/S0002-9904-1968-11974-3
https://doi.org/10.1007/BF01110442
https://doi.org/10.1016/S0024-3795(01)00315-9
https://doi.org/10.1016/j.jmaa.2004.06.012
https://doi.org/10.1515/spma-2016-0001
https://doi.org/10.1016/0022-247X(89)90044-9
https://doi.org/10.1006/jmaa.1993.1329
https://doi.org/10.1002/nla.2540
https://doi.org/10.1002/nla.2540

N. Bora and B. Chutia Malaysian J. Math. Sci. 19(1): 343-359(2025) 343 - 359

[19] M. E. Hochstenbach & B. Plestenjak (2003). Backward error, condition numbers, and pseu-
dospectra for the multiparameter eigenvalue problem. Linear Algebra and Its Applications, 375,
63-81. https://doi.org/10.1016/50024-3795(03)00613-X.

[20] S. M. Hossein, K. Paul, L. Debnath & K. C. Das (2008). Symmetric anti-eigenvalue and sym-
metric anti-eigenvector. Journal of Mathematical Analysis and Applications, 345(2), 771-776.
https://doi.org/10.1016/j.jmaa.2008.04.061.

[21] R. Khattree (2001). On the calculation of antieigenvalues and antieigenvectors. Jour-
nal of Interdisciplinary Mathematics, 4(2-3), 195-199. https://doi.org/10.1080/09720502.2001.
10700300.

[22] R.Khattree (2002). On generalized antieigenvalue and antieigenmatrix of order r. American
Journal of Mathematical and Management Sciences, 22(1-2), 89-98. https://doi.org/10.1080/
01966324.2002.10737577 .

[23] R. Khattree (2003). Antieigenvalues and antieigenvectors in statistics. Journal of Statistical
Planning and Inference, 114(1-2), 131-144. https://doi.org/10.1016/50378-3758(02)00467-6.

[24] T.Kosir (1994). Finite-dimensional multiparameter spectral theory: the nonderogatory case.
Linear Algebra and Its Applications, 212,45-70. https://doi.org/10.1016/0024-3795(94)90396-4.

[25] T. Kosir & B. Plestenjak (2022). On the singular two-parameter eigenvalue problem ii. Linear
Algebra and Its Applications, 649, 433-451. https://doi.org/10.1016/j.]1aa.2022.05.013.

[26] M. G. Krein (1969). Angular localization of the spectrum of a multiplicative integral in a
Hilbert space. Functional Analysis and Its Applications, 3(1), 73-74. https://doi.org/10.1007/
BF01078278.

[27] B. Mirman (1983). Antieigenvalues: method of estimation and calculation. Linear Algebra
and Its Applications, 49, 247-255. https://doi.org/10.1016/0024-3795(83)90107-6.

[28] Z.Muminov & F. Ismail (2016). Threshold resonances and eigenvalues of some schrédinger
operators on lattices. Malaysian Journal of Mathematical Sciences, 10(S), 389-407.

[29] M. M. S. Nasser (2019). The explicit eigenvalues and eigenfunctions of the generalized Neu-
mann kernel in annular domains. Malaysian Journal of Mathematical Sciences, 13(3), 373-396.

[30] D. Otten (2016). A new Lp-antieigenvalue condition for Ornstein-Uhlenbeck operators.
Journal of Mathematical Analysis and Applications, 444(1), 136-152. https://doi.org/10.1016/].
JMAA.2016.06.031.

[31] K.Paul (2008). Antieigenvectors of the generalized problem and an operator inequality com-
plementary to Schwarz's inequality. Novi Sad Journal of Mathematics, 38(2), 25-31.

[32] K. Paul, G. Das & L. Debnath (2015). Computation of antieigenvalues of bounded linear
operators via centre of mass. International Journal of Applied and Computational Mathematics,
1(1), 111-119. https://doi.org/10.1007 /s40819-014-0007-5.

[33] B.Plestenjak. MultiParEig. MATLAB Central File Exchange 2025. https://www.mathworks.
com/matlabcentral/fileexchange/47844-multipareig.

[34] C.Radhakrishna Rao (2005). Antieigenvalues and antisingularvalues of a matrix and appli-
cations to problems in statistics. Research Letters in the Information and Mathematical Sciences,
8,53-76. https://doi.org/10.7153 /mia-10-45.

358


https://doi.org/10.1016/S0024-3795(03)00613-X
https://doi.org/10.1016/j.jmaa.2008.04.061
https://doi.org/10.1080/09720502.2001.10700300
https://doi.org/10.1080/09720502.2001.10700300
https://doi.org/10.1080/01966324.2002.10737577
https://doi.org/10.1080/01966324.2002.10737577
https://doi.org/10.1016/S0378-3758(02)00467-6
https://doi.org/10.1016/0024-3795(94)90396-4
https://doi.org/10.1016/j.laa.2022.05.013
https://doi.org/10.1007/BF01078278
https://doi.org/10.1007/BF01078278
https://doi.org/10.1016/0024-3795(83)90107-6
https://doi.org/10.1016/J.JMAA.2016.06.031
https://doi.org/10.1016/J.JMAA.2016.06.031
https://doi.org/10.1007/s40819-014-0007-5
https://www.mathworks.com/matlabcentral/fileexchange/47844-multipareig
https://www.mathworks.com/matlabcentral/fileexchange/47844-multipareig
https://doi.org/10.7153/mia-10-45

N. Bora and B. Chutia Malaysian ]. Math. Sci. 19(1): 343-359(2025) 343 - 359

[35] E. Ringh & E. Jarlebring (2021). Nonlinearizing two-parameter eigenvalue problems.
SIAM Journal on Matrix Analysis and Applications, 42(2), 775-799. https://doi.org/10.1137/
19M1274316.

[36] J. I Rodriguez, J. H. Du, Y. You & L. H. Lim (2021). Fiber product homotopy method for
multiparameter eigenvalue problems. Numerische Mathematik, 148, 853-888. https://doi.org/
10.1007/s00211-021-01215-6.

[37] K. Ruymbeek, K. Meerbergen & W. Michiels (2022). Subspace method for multiparameter-
eigenvalue problems based on tensor-train representations. Numerical Linear Algebra with
Applications, 29(5), Article ID: e2439. https://doi.org/10.1002/nla.2439.

[38] M. Seddighin (2004). Antieigenvalue inequalities in operator theory. International Jour-
nal of Mathematics and Mathematical Sciences, 2004(57), 3037-3043. https://doi.org/10.1155/
50161171204403615.

[39] M. Seddighin (2005). Computation of antieigenvalues. International Journal of Mathematics
and Mathematical Sciences, 2005(5), 815-821. https://doi.org/10.1155/]JMMS.2005.815.

[40] M.Seddighin (2005). On the joint antieigenvalues of operators in normal subalgebras. Journal
of Mathematical Analysis and Applications, 312(1), 61-71. https://doi.org/10.1016/j.jmaa.2005.
03.021.

[41] M. Seddighin (2009). Antieigenvalue techniques in statistics. Linear Algebra and Its Applica-
tions, 430(10), 2566-2580. https://doi.org/10.1016/j.1aa.2008.05.007.

[42] M. Seddighin (2012). Approximations of antieigenvalue and antieigenvalue-type quanti-
ties. International Journal of Mathematics and Mathematical Sciences, 2012(1), Article ID: 318214.
https://doi.org/10.1155/2012/318214.

[43] M. Seddighin & K. Gustafson (2005). On the eigenvalues which express antieigenvalues.
International Journal of Mathematics and Mathematical Sciences, 2005(10), 1543-1554. https://
doi.org/10.1155/1]JMMS.2005.1543.

[44] B.D.Sleeman (1978). Multiparameter spectral theory in Hilbert space. Journal of Mathematical
Analysis and Applications, 65(3), 511-530. https://doi.org/10.1016/0022-247X(78)90160-9.

[45] C.Vermeersch & B. De Moor (2022). Two complementary block Macaulay matrix algorithms
to solve multiparameter eigenvalue problems. Linear Algebra and Its Applications, 654, 177—
209. https://doi.org/10.1016/j.1aa.2022.08.014.

[46] H. Volkmer (2006). Multiparameter Eigenvalue Problems and Expansion Theorems. Springer,
Heidelberg. https://doi.org/10.1007/BFb0089295.

359


https://doi.org/10.1137/19M1274316
https://doi.org/10.1137/19M1274316
https://doi.org/10.1007/s00211-021-01215-6
https://doi.org/10.1007/s00211-021-01215-6
https://doi.org/10.1002/nla.2439
https://doi.org/10.1155/S0161171204403615
https://doi.org/10.1155/S0161171204403615
https://doi.org/10.1155/IJMMS.2005.815
https://doi.org/10.1016/j.jmaa.2005.03.021
https://doi.org/10.1016/j.jmaa.2005.03.021
https://doi.org/10.1016/j.laa.2008.05.007
 https://doi.org/10.1155/2012/318214
 https://doi.org/10.1155/IJMMS.2005.1543
 https://doi.org/10.1155/IJMMS.2005.1543
https://doi.org/10.1016/0022-247X(78)90160-9
https://doi.org/10.1016/j.laa.2022.08.014
https://doi.org/10.1007/BFb0089295

	Introduction
	Notations and Basic Results
	General Theory of LTEP
	Generalized Antieigenvalue and Antieigenvectors of LTEP
	Calculation of (i)
	Conclusion

